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Relativistic quantum mechanics and
relativistic quantum statistics based upon
a novel perspective on relativistic transformation
Young-Sea Huang∗
Department of Physics, Soochow University, Shih-Lin, Taipei 111, Taiwan
A novel perspective on relativistic transformation recently-proposed provides an insight into the
very meaning of the principle of relativity. With this novel perspective and Bell’s theorem, we
argue that special relativity, instead of quantum theory, should be radically reformulated to resolve
inconsistencies between those two theories. A new theory of relativistic quantum mechanics is
formulated upon this novel perspective. This new relativistic quantum mechanics is free from such
anomalies as the negative probability density, the negative-energy states, Zitterbewegung, and the
Klein paradox deep-rooted in the current relativistic quantum mechanics. Moreover, a remarkable
result is found that a particle can not be confined within an infinite square well of width less than
half of the Compton wavelength. As implications in nuclear physics, there is a lower bound on the
size of atomic nucleus. Neither an electron, nor a positron, can be confined inside the nucleus by
whatever interaction.
Furthermore, with this novel perspective, we argue that the postulates of non-relativistic quantum
statistics fulfill the principle of relativity, as extended to the relativistic realm. A new theory of
relativistic quantum statistics is formulated such that the probability distribution functions are the
same as the well-known Maxwell-Boltzmann, Fermi-Dirac and Bose-Einstein distribution functions
in non-relativistic quantum statistics. A relativistic speed distribution of a dilute gas is then de-
rived by the new relativistic quantum statistics and the new relativistic quantum mechanics. This
relativistic speed distribution reduces to Maxwell speed distribution in the low temperature region.
Yet, this relativistic speed distribution differs remarkably from Ju¨ttner speed distribution in the
high temperature region. Also, thermal properties of a dilute gas are studied by the new relativistic
quantum statistics.
PACS numbers: Quantum mechanics, 03.65.-w; Special relativity, 03.30.+p; Entanglement and quan-
tum non-locality, 03.65.Ud; Foundations of quantum mechanics, 03.65.Ta; Philosophy of science, 01.70.+w,
*43.10.Mq; Nuclear models, 21.60.-n; theory of quantized field, 03.70; 05.30-d quantum statistical mechanics;
05.20-y classical statistical mechanics.
Keywords: conflict between quantum theory and special relativity, quantum theory, special relativity, the
principle of relativity, Lorentz covariance, non-locality, indeterminacy, Bell inequality, entanglement, realism,
completeness, quantum mechanics, relativistic quantum theory, Klein paradox, Zitterbewegung, relativistic
quantum field theory, Klein-Gordon theory, Dirac theory, Atomic nucleus, relativistic quantum statistics,
relativistic statistical physics, relativistic kinetic theory.
I. FOUNDATIONAL CONFLICTS BETWEEN RELATIVITY THEORY AND QUANTUM THEORY
Einstein’s relativity theory and quantum theory are the two revolutionary theories evolving from classical physics.
Nowadays, they are the two pillars of modern physics, for example, relativistic quantum mechanics and quantum
electrodynamics are constructed upon them. In spite of Einstein’s relativity theory and quantum theory being,
respectively, well verified experimentally, debates on the foundational conflicts between these two theories seem endless
[1–17]. The perspectives on the space-time and the physical world adopted by classical physics, relativity theory, and
quantum theory are briefly outlined in Table I. Einstein’s relativity theory overthrows Newtonian absolute space and
absolute time as presumed in classical theory, whereas quantum theory is formulated on that conventional notion of
space and time. On how the physical world could be described, relativity theory adopts some basic notions of classical
theory: there is no instantaneous action at a distance, and a physical theory should be able to predict definite values
for all physical quantities pertaining to a system in the physical world. Quantum theory, in contrast, provides some
perspectives on the physical world that are radically different from basic notions of classical theory: non-locality,
quantum of action, indeterminacy, and the probabilistic interpretation of the wave functions.
Are relativity theory and quantum theory really incompatible? Debates on this subject are related to such issues
as non-locality, realism and completeness, raised by the well-known EPR article of Einstein, Podolsky and Rosen,
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2space-time concept view of physical world
classical physics Newtonian space and time determinism, realism and locality
relativity theory Minkowski’s space-time determinism, realism and locality
quantum theory Newtonian space and time indeterminism, non-realism and non-locality
TABLE I: Respective notions of the space-time and the physical world adopted by classical physics, relativity theory, and
quantum theory are briefly outlined. Relativity theory and quantum theory are fundamentally incompatible due to their
contradictory notions of the space-time and the physical world.
Can Quantum-Mechanical Description of Physical Reality Be Considered Complete? [18]. With the belief that for
each element of physical reality a corresponding physical quantity should have a definite value prior to measurement
(realism), and their necessary condition for completeness of a physical theory as well as criterion for an element
of reality [19], applying the classical locality [20], Einstein et al showed that from the quantum-mechanical wave
function of two entangled particles, exact values of either the position Q or the momentum P of one particle can be
inferred from respective measurements on either the position q or the momentum p of the other particle carried out
at a distantly separated place (far from the particles’ interaction). Then, by what they term reasonable definition of
reality, they argued that a particle possesses simultaneous elements of reality for the non-commuting observables of
position Q and momentum P . Yet, according to Heisenberg’s uncertainty principle, simultaneous values of position
and momentum of a particle can not be exactly determined by the wave function. Supposing quantum theory is
correct, either quantum-mechanical description of physical phenomena is not complete, or these two non-commuting
observables of position and momentum can not have simultaneous elements of reality. Thus, according to the EPR
argument, there exist elements of physical reality whose corresponding physical quantities can not be predicted, with
certainty, by quantum theory. Einstein et al claimed that quantum theory must at best be incomplete. An anticipated
complete theory, with additional variables not known yet, should be able to predict simultaneous values of position
and momentum of a particle. Bohr rebutted the EPR argument, and contended ”quantum-mechanical description of
physical phenomena fulfills, within its scope, all rational demands of completeness” [21].
To present the EPR argument in a comprehensible form, Bohm and Aharonov considered a special example – a
system of two spin-1/2 particles is created in the singlet spin state and these two particles then fly off in opposite
directions to two detectors [22]. Using this special example, Bell studied the correlation of the spin states of the two
particles. Directions of spin measurement, on the entangled duo, measured by two spatially-separated detectors were
allowed to be oriented arbitrarily, instead of along the same direction [23]. Bell discovered that the correlation of
the spins of the two entangled particles predicted by any theory, relativity theory included, that requires the classical
locality, must obey the so-called Bell inequality. In contrast, the correlation of the spins of the two particles predicted
by quantum theory violates the Bell inequality. Bell’s discovery made those seemingly philosophical issues raised by
the EPR argument become testable by experiments. Many experiments on generalized Bell’s inequalities, for example,
the CHSH inequality [24], were performed, and their results have so far been in agreement with the predictions of
quantum theory [25–29]. Those experimental tests indicate not merely that relativity theory and quantum theory are
incompatible, but that relativity theory is probably not valid.
Either relativity theory and quantum theory are incompatible or relativity theory is invalid entail a catastrophe
to the foundation of modern physics. The validity of relativistic quantum theory and quantum electrodynamics are
called into question, since their foundations are insecure. Many suggestions to resolve the conflict between quantum
theory and relativity theory have been proposed, but none of them are totally convincing so far. It is still unclear
how to get a consistent description of the physical world out of these two fundamentally incompatible theories [7].
Though most physicists seem unwilling to give up relativity theory, we think that relativity theory should be radically
reformulated to reconcile with quantum theory, since experimental tests of the Bell inequality so far indicate that
relativity theory is probably wrong.
II. A NOVEL PERSPECTIVE ON RELATIVISTIC TRANSFORMATION
One major conflict between Einstein’s relativity theory and quantum theory is rooted in their mutually contradictory
notions of space and time [1–10]. According to Einstein’s relativity theory, simultaneity of two space-like events is
no longer absolute, that is, the time order of the events depends on reference frames used to describe the events.
Contrarily, quantum theory is formulated on Newtonian absolute space and absolute time. Simultaneity is absolute in
quantum theory; without it, Heisenberg’s uncertainty principle and the probabilistic interpretation in quantum theory
become meaningless. Moreover, experiments supporting Einstein’s notion of space-time are not beyond question, and
further experimental tests without controversies are needed [30–34].
To be consistent with quantum theory, an anticipated new theory of relativity should be necessarily formulated
3on the same concept of space and time as is presumed in quantum theory. A new relativistic transformation was
recently formulated on the two postulates, the principle of relativity and the constancy of speed of light, the same as
postulated in Einstein’s special relativity [35].
Suppose that an inertial frame X ′ moves with a velocity V along the positive X1-axis with respect to another
inertial frame X . At an instant of time a particle moving with a velocity v with respect to the frame X , the particle
will move with a virtual spatial displacement δx = v δt during a virtual infinitesimal time interval δt > 0. We also
define δx0 ≡ c δt, because the speed of light c is an invariant. Thus, at that instant of time, the state of motion of
the particle with respect to the frame X can be characterized by the infinitesimal four-displacement δxα ≡ (δx0, δx).
This four-displacement δxα, the same as velocity v, is defined at an instant of time. Moreover, this four-displacement
is virtual, so it is different from ∆t = t2− t1 and spatial displacement ∆x ≡ x(t2)−x(t1) which is defined as difference
of particle’s real positions x(t2) and x(t1) at two instants of time t2 and t1, respectively. Similarly, the state of motion
of a particle with respect to the frame X ′ is characterized by the infinitesimal four-displacement δx′α ≡ (δx′0, δx′).
By the postulates, the principle of relativity and the constancy of speed of light, the new transformation of relativistic
four-displacements of a particle between the two inertial frames X and X ′ is derived as

δx0 = γ(δx′0 + β δx′1)
δx1 = γ(β δx′0 + δx′1)
δx2 = δx′2
δx3 = δx′3 ,
(1)
where β = V/c and γ = 1/
√
1− β2. This new relativistic transformation of the virtual four-displacement δxα is
named the differential Lorentz transformation (DLT).
The relativistic four-momentum of a free particle of rest mass m moving with velocity v with respect to a frame
is defined as Pα = mc δxα/δτ . Here, δτ ≡ (δxα δxα)1/2 = δx0/γv is an invariant under the differential Lorentz
transformation, where γv ≡ 1/
√
1− (v/c)2. From Pα for the free particle, we have the well-known relativistic energy
E = P 0 c = γvmc
2 and relativistic momentum P = γvmv. Also, the transformation of relativistic four-momentum
between the inertial frames X and X ′ is 

P 0 = γ(P ′0 + β P ′1)
P 1 = γ(β P ′0 + P ′1)
P 2 = P ′2
P 3 = P ′3 .
(2)
Equivalently, the DLT can be considered as a transformation in the space of relativistic four-momentum.
According to Einstein’s special relativity, the currently-accepted relativistic transformation is the Lorentz transfor-
mation (LT) of space-time coordinates 

x0 = γ(x′0 + β x′1)
x1 = γ(β x′0 + x′1)
x2 = x′2
x3 = x′3 .
(3)
The DLT of displacements Eq. (1) is usually thought as just a derivative of the LT of space-time coordinates Eq. (3).
Yet according to the novel perspective on relativistic transformation, the infinitesimal quantities δxα in the DLT are
not the differential of the space-time coordinates xα in the LT. The DLT is compatible with Heisenberg’s uncertainty
principle, whereas the LT is not. Moreover, it should be emphasized that the new relativistic transformation presumes
Newtonian absolute space and absolute time, whereas Einstein’s special relativity does not. The DLT and the LT are
not equivalent, contrary to the current perspective.
To explicitly illustrate that the DLT and the LT are not equivalent, we pointed out an anomaly as induced by the
LT — the problem of negative frequency of waves [36]. Consider light waves propagating in a medium which moves
at ”superluminal” speeds opposite to the propagation direction of waves. Referring to Fig. 1, relative to the medium
rest frame X ′, light waves propagate in the positive x-axial direction with speed v′ = ω′/k′, where ω′ is the frequency
of the waves (ω′ > 0), and k′ is the wave vector (k′ > 0). The frame X ′ moves with velocity V in the negative x-axial
direction with respect to the frame X , and V > v′. Then, by the LT, together with the assumption of invariance of
the phase of waves, ω t− k · r = ω′ t′ − k′ · r′, we have ω = γ (1− V/v′)ω′ < 0 and k = γ (1 − V v′/c2) k′ > 0, for the
light waves propagating with respect to the frame X . That is, relative to the frame X , the light waves propagate
in the positive x-axial direction, but with negative frequency. However, light waves can not oscillate with negative
frequencies. This anomaly is resolved by the new relativistic transformation [36].
Furthermore, we pointed out that the current transformation of Maxwell’s equations of electrodynamics by the
LT does not truly fulfill the principle of relativity [37]. The reason is as follows: The original electromagnetic fields
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FIG. 1: Light waves propagate with the wave vector k′ in the positive x-axial direction, relative to the medium rest frame X ′.
The frame X ′ moves with velocity V in the negative x-axial direction with respect to the frame X.
E(r, t) and B(r, t) relative to one inertial frame X are defined at the same time; yet by the LT, the transformed
electromagnetic fields E′(r′, t′) and B′(r′, t′) relative to another inertial frame X ′ are not defined simultaneously,
since the LT is a transformation of space-time coordinate [38]. That is, the time t′ in the transformed fields E′(r′, t′)
and B′(r′, t′) are not at the same time. This non-simultaneity due to the LT poses serious problems of interpreting
those transformed fields defined over time extending from past to future.
The requirement of Lorentz covariance of the laws of physics is not sufficient for the laws to fulfill the principle
of relativity [39]. Besides such covariance requirement, all quantities in the covariant equations must be defined and
interpreted physically in the same way in all inertial frames. The transformed fields E′(r′, t′) and B′(r′, t′) relative
to the frame X ′ are not defined and interpreted physically in the same way as the original fields E(r, t) and B(r, t)
relative to the frame X . The LT renders Maxwell’s equations Lorentz covariant only in a superficially consistent
manner. The usual way of rendering Maxwell’s equations form-invariant by the LT does not truly fulfill the principle
of relativity.
In contrast, with the novel perspective on relativistic transformation, Maxwell’s equations were shown form-invariant
among inertial frames, via transformation in the k-space, rather than the space-time space [37]. Referring to Fig. 2,
first by plane wave decomposition, from Maxwell’s equations in the space-time space, we have corresponding Maxwell’s
equations in the k-space. The forms of Maxwell’s equations in the k-space remain the same in all inertial frames,
since the same Maxwell’s equations hold in all inertial frames. Secondly, by transforming electromagnetic fields
in the k-space and then reversing plane wave decomposition to construct the transformed electromagnetic fields in
the space-time space, Maxwell’s equations are shown form-invariant. Since this scheme of transformation is carried
out at an instant of time, the transformed electromagnetic fields in the space-time space are defined at the same
time. Thus, the transformed electromagnetic fields are defined and interpreted physically in the same way as the
original electromagnetic fields. The new relativistic transformation of Maxwell’s equations truly fulfills the principle
of relativity.
plane wave decomposition
Maxwell’s equations ← −−−−−−−−−−−−−−−−− → k-space Maxwell’s equations
viewed in frame X viewed in frame X
↑
|
| Relativistic
| Transformation
| in k-space
|
↓
Maxwell’s equations k-space Maxwell’s equations
viewed in frame X ′ ← −−−−−−−−−−−−−−−−− → viewed in frame X ′
plane wave decomposition
FIG. 2: Maxwell’s equations are made form-invariant by the new scheme of relativistic transformation, i.e., transformation in
the k-space, rather than the space-time space.
5III. THE PRINCIPLE OF RELATIVITY AND QUANTUM THEORY
Can quantum theory be consistent with the principle of relativity? According to the current notion of the principle
of relativity in Einstein’s relativity theory, mathematical formulas of physical laws must be Lorentz covariant under
the LT of space-time coordinates. Then, physical laws are required to be expressed as mathematical formulas of
space and time coordinates in order to see whether or not their mathematical formulas satisfy this Lorentz covariance
criterion of the principle of relativity. Suppose that a physical law can not be expressed in terms of the space and
time description, then by what criterion are we able to determine whether or not this law fulfills the principle of
relativity? For instance, the law of conservation of energy-momentum is not expressed in terms of the space and time
description. Yet, without a doubt, this law fulfills the principle of relativity. Ultimately, the constancy of speed of
light (one of the two postulates of relativity theory) fulfills the principle of relativity, despite not being LT expressed
in terms of the space and time description.
According to quantum theory, a physical system is described by a state in Hilbert space subject to certain laws.
For instance, in quantum theory the spin of an elementary particle is unlike a spinning top in classical theory which
has three well-defined components in the three dimensional physical world. Instead, the spin of an elementary particle
is described as a state |s〉 in Hilbert space obeying the spin rule sˆ × sˆ = i ~ sˆ, where ~ = h/2π, and h is Planck’s
constant. In addition, a system of identical particles is described by a state in a multi-dimensional configuration
space obeying Pauli exclusion principle and quantum statistics of identical particles. Quantum statistics, the spin
rule, Pauli exclusion principle and Heisenberg’s uncertainty principle are not expressed as functions of space and
time coordinates. Therefore, by the Lorentz covariance criterion, it is impossible to see whether or not these laws of
quantum theory fulfill the principle of relativity. With the current interpretation of the principle of relativity, it is
impossible to answer the question – Can quantum theory be consistent with the principle of relativity?
Are Planck’s constant, Heisenberg’s uncertainty principle, the spin rule, Pauli exclusion principle and quantum
statistics the same in all inertial frames? Physical laws of a true theory must be the same in all inertial frames.
Suppose quantum theory is indeed true for the description of physical phenomena, then laws of quantum theory
must fulfill the principle of relativity. Consequently, the current notion of the principle of relativity must be radically
rectified. A simple example is employed to illustrate that Heisenberg’s uncertainty principle fulfills the principle of
relativity via the novel perspective on relativistic transformation. Consider a free particle moving with a definite
momentum p and energy E with respect to a frame X . In quantum theory the motion of the particle is described as a
state |p〉 in Hilbert space. By Heisenberg’s uncertainty principle [xˆj , pˆk] = i ~ δjk, the position observable xˆj does not
commute with the momentum observable pˆj . Thus, the exact position of the particle can not be exactly determined
without disturbing the original state |p〉. Suppose that this state is described in terms of an abstract wave function
ψ(r, t) = 〈r|p〉 with respect to the frame X . The position of the particle with respect to the frame X can only be
predicted probabilistically as proportional to |ψ(r, t)|2. With respect to another frame X ′ uniformly moving relative
to the frame X , the particle moves with a definite momentum p′ and energy E′, by the transformation of relativistic
four-momentum, instead of space-time coordinates. With respect to the frame X ′, the particle is in the quantum state
|p′〉. Then, the wave function of the particle is ψ′(r′, t′) = 〈r′|p′〉 with respect to the frame X ′. Also, the position
of the particle with respect to the frame X ′ can only be determined probabilistically as proportional to |ψ′(r′, t′)|2.
It should be emphasized that the wave function ψ′(r′, t′) of the particle with respect to the frame X ′ is not directly
obtained from the wave function ψ(r, t) with respect to the frame X by the LT of space-time coordinates. Rather, the
wave function of the particle is transformed via the transformation of relativistic four-momentum Pα. Heisenberg’s
uncertainty principle is satisfied with the novel perspective on relativistic transformation. Heisenberg’s uncertainty
principle holds in all inertial frames, though its mathematical formula is not manifestly Lorentz-covariant.
Therefore, to fulfill the principle of relativity, physical laws are required to be the same in all inertial frames, rather
than their mathematical formulas are Lorentz-covariant under the LT of space-time coordinates. To render quantum
theory consistent with the principle of relativity, laws of quantum theory are ab initio hypothesized to be the same in
all inertial frames, though their mathematical formulas are not manifestly Lorentz-covariant in the usual sense. Yet,
the validity of this hypothesis depends on the results of experiments carried out on consequences derived from this
hypothesis.
IV. THE PRINCIPLE OF RELATIVITY AND THE LORENTZ COVARIANCE CRITERION
According to the principle of relativity, all inertial frames are equivalent, and thus the same physical laws hold
in all inertial frames [40–42]. However, there are different viewpoints on how physical laws should be formulated in
order to fulfill the principle of relativity [43–46]. The most accepted viewpoint is the Lorentz covariance criterion –
to fulfill the principle of relativity, the mathematical formula of a physical law must be Lorentz covariant under the
LT of space-time coordinates [42, 47, 48]. Nonetheless, as mentioned previously in Sec. II, the Lorentz covariance
6criterion is not a sufficient condition for a physical law to fulfill the principle of relativity. A physical law whose
mathematical formula apparently satisfies the Lorentz covariance criterion does not guarantee that law fulfills the
principle of relativity.
Furthermore, it was pointed out that the manifestly covariant equation ∂αA
α = 0 does not imply Aα is a Lorentz-
covariant 4-vector. It is possible that the same equation ∂αA
α = 0 holds in all inertial frames, but that equation
is not Lorentz covariant subject to the Lorentz covariance criterion, as in the case that the quantity Aα in that
equation is not covariant under the LT of space-time coordinates [49]. That is, a physical law may fulfill the principle
of relativity, but its mathematical formula does not satisfy the Lorentz covariance criterion. Therefore, the Lorentz
covariance criterion is not a necessary condition for a physical law to fulfill the principle of relativity.
A strict and universal application of the technique of covariance may result in mathematical formalisms that have
no physical significance whatsoever [50, 51]. Even though mathematical covariance in principle imposes no physical
significance, the Lorentz covariance criterion is still applied to formulate relativistic physical laws [52, 53]. Now, based
on the novel perspective on relativistic transformation, physical laws, for example, Maxwell’s equations, are rendered
form-invariant via transformation of physical quantities, instead of space-time coordinates. The Lorentz covariance
criterion is not essential to formulate relativistic physical laws.
V. LAGRANGIAN RELATIVISTIC MECHANICS BASED ON THE NOVEL PERSPECTIVE ON
RELATIVISTIC TRANSFORMATION
With the novel perspective on relativistic transformation, quantum theory and relativity theory can be integrated
harmoniously. Next, we will formulate a new theory of relativistic quantum mechanics, and apply it to study standard
problems in quantum mechanics, square step and barrier potential.
A new relativity theory is formulated by the novel perspective on relativistic transformation, and the equation of
motion is
m
d2r
dt2
= F (1− (v
c
)2), (4)
where m is the mass of the particle, r its position, v its speed and c the speed of light [54]. This equation of motion
has co-directional force and acceleration. Also, it shows that acceleration of a particle varies with its speed, decreasing
as its speed approaches the speed of light. Particles can not be accelerated to a speed over the speed of light. This
equation of motion contains Newton’s equation of motion
m
d2r
dt2
= F, (5)
as a low-speed limit. Yet, Eq. (4) is different from the equation of motion in Einstein’s special relativity
d (γ mv)
dt
= F, (6)
where γ = 1/
√
1− (v/c)2 . In contrast to Eq. (4) and Eq. (5), according to Eq. (6), acceleration and force are in
general not along the same direction [55]. Experiments are proposed to convincingly distinguish between these two
equations Eq. (4) and Eq. (6), since there is no experimental evidence that differentiates the minute difference between
the two equations [56].
Suppose a particle moving in a conservative field F(r) = −∇V (r), where V (r) is potential energy. From Eq. (4),
we have ∫
m
1− (vc )2
d2r
dt2
· dr =
∫
−∇V (r) · dr. (7)
After integration, we obtain
E = mc2 ln γ + V (r). (8)
Here, the integration constant E is considered as the total energy of the particle including the kinetic energy mc2 ln γ
and the potential energy V (r). The kinetic energy is approximately equal to mv2/2, as v << c. It should be noted
that the total energy E does not contain the rest mass energy mc2, as mc2 ln1 = 0.
7From Eqs. (4) and (8), we have
m
d2r
dt2
= −e−2(E−V (r))/mc2∇V (r). (9)
Consider any varied path r+ δr such that the virtual path and the true path coincide at the two end points, that is,
δr = 0 at the end points. Taking dot product of variation δr into Eq. (9), and integrating the result along a path
between the two end points, we have∫ t2
t1
m
d2r
dt2
· δrdt =
∫ t2
t1
−e−2(E−V (r))/mc2∇V (r) · δrdt. (10)
The left hand side of Eq. (10) becomes, after integration by parts,∫ t2
t1
m
dv
dt
· δrdt = mv · δr |t2t1 −
∫ t2
t1
mv · d
dt
(δr)dt
= −
∫ t2
t1
δ(
1
2
mv2)dt. (11)
The right hand side of Eq. (10) is∫ t2
t1
−e−2(E−V (r))/mc2∇V (r) · δrdt = −
∫ t2
t1
δ(
1
2
mc2 e−2(E−V (r))/mc
2
)dt. (12)
From Eqs. (10-12), we have ∫ t2
t1
δ(
1
2
mv2 − 1
2
mc2 e−2(E−V (r))/mc
2
)dt = 0. (13)
Since E and mc2 are constants, we choose the Lagrangian as
L =
1
2
mv2 − 1
2
mc2 e−2(E−V (r))/mc
2
+
1
2
mc2 e−2E/mc
2
. (14)
By the very meaning of the principle of relativity, laws of quantum mechanics hold in all inertial frames, even though
their mathematical forms are not Lorentz covariant. With a view to keeping up Heisenberg’s uncertainty principle in
the new relativistic quantum mechanics, the chosen Lagrangian is different from the previous one [57]. Substituting
this Lagrangian into the Lagrange equations of motion
d
dt
∂L
∂x˙j
− ∂L
∂xj
= 0, where j = 1, 2, 3, (15)
we obtain
m
dvj
dt
= −e−2(E−V (r))/mc2 ∂ V (r)
∂xj
. (16)
The above equation is just the equation of motion Eq. (4), provided that E = mc2 ln γ + V (r). The actual path of
a relativistic particle ought to depend on the initial energy E of the particle, since the equation of motion Eq. (4)
depends on the speed (equivalently, energy) of the particle. Therefore, it is natural that the Lagrangian depends on
the initial energy E.
From this Lagrangian, the canonical momentum is
pj =
∂L
∂x˙j
= mvj , where j = 1, 2, 3. (17)
Then, the Hamiltonian is
H =
∑
j
∂L
∂x˙j
x˙j − L
=
p2
2m
+
1
2
mc2 e−2(E−V (r))/mc
2 − 1
2
mc2 e−2E/mc
2
, (18)
where p = mv. Since E = mc2 ln γ + V (r), the Hamiltonian H is equal to the quantity 12 mc
2 (1− e−2E/mc2). Also,
H ≈ 12 mv2 + V (r), when E << mc2.
8VI. A NEW THEORY OF RELATIVISTIC QUANTUM MECHANICS
From the Hamiltonian Eq. (18), with the standard procedure — physical quantities in the Hamiltonian are replaced
by their associated operators, p→ −i~∇ and r→ r, we have the new relativistic wave equation
i~
∂
∂t
Ψ(r, t) = Hˆ Ψ(r, t)
= − ~
2
2m
∇2Ψ(r, t) + 1
2
mc2 e−2E/mc
2
(e2V (r)/mc
2 − 1)Ψ(r, t). (19)
With the wave function Ψ(r, t) being normalized, Ψ∗(r, t)Ψ(r, t) d3r is the probability of finding the particle in a
volume element d3r. It is immediately evident from Eq. (19) that the probability density
ρ = Ψ∗(r, t)Ψ(r, t) (20)
and the probability current density
J =
~
2mi
(Ψ∗∇Ψ−Ψ∇Ψ∗) (21)
satisfy the equation of continuity
∂
∂t
ρ+∇ · J = 0. (22)
That is, the probability is conserved. According to this new theory of relativistic quantum mechanics, the probability
density is positive definite and the statistical single-particle interpretation of quantum theory is maintained. In
contrast, the probability density defined by the Klein-Gordon wave equation in the current relativistic quantum
mechanics is not positive definite [58–60].
From the relativistic wave equation Eq. (19), the rate of the expectation value of position is
d〈r〉
dt
=
d
dt
∫
Ψ∗(r, t) rΨ(r, t) d3r
=
∫
Ψ∗(r, t) r
∂Ψ(r, t)
∂t
d3r+
∫
∂Ψ∗(r, t)
∂t
rΨ(r, t) d3r
=
∫
Ψ∗ (−i~∇Ψ) d3r /m = 〈p〉 /m. (23)
This result 〈p〉 = md 〈r〉/dt = m 〈v〉 is consistent with the classical one p = mv.
For a free relativistic particle, the rate of the expectation value of momentum is
d 〈p〉
dt
=
1
i~
〈 [ pˆ, Hˆ ] 〉 = 0, (24)
because the Hamiltonian of a free particle is Hˆ = pˆ2/2m, and Hˆ commutes with pˆ. Thus, 〈p〉 is a constant of motion
for a free particle. Consequently, 〈v〉 is a constant of motion for a free particle, since 〈p〉 = m 〈v〉. In contrast, the
current relativistic quantum mechanics predicts an anomalous phenomenon — a free particle trembles rapidly, even
though its momentum is constant — the so-called Zitterbewegung [61–66].
By the method of separation of variables, Ψ(r, t) = ψ(r)f(t), from the relativistic wave equation Eq. (19), we have
f(t) = e−iE t/~, where E = 12 mc2 (1− e−2E/mc
2
), and the time-independent relativistic wave equation
− ~
2
2m
∇2ψ(r) + 1
2
mc2 ( e−2 (E−V (r))/mc
2 − 1) ψ(r) = 0. (25)
For a free particle in one-dimensional motion, from Eq. (25) with V (x) = 0, we have the plane wave function
Ψk(x, t) ∼ ei(kx−ωt), where k = mc~
√
1− e−2E/mc2 = mv/~, and ω = E/~ = mc2 (1− e−2E/mc2)/2~ = mv2/2~ (since
E = mc2 ln γ). Thus, the phase velocity of the plane wave is vp = ω/k = v/2. Nonetheless, the group velocity of the
wave packet is vg = dω/dk = v. The group velocity of the wave packet is just equal to the classical velocity v of the
particle.
The canonical energy E of a free particle is always non-negative, since E = mc2 ln γ ≥ 0. This is consistent with
the fact that energies of a free real particle are not negative. In contrast, according to the current relativistic quantum
9mechanics, there exist negative-energy states for a free particle [58, 59]. The anomaly was resolved by the ad hoc
interpretation of the negative-energy states — ”holes” in the occupied ”sea of negative-energy states” are regarded
as anti-particles. Yet this ad hoc interpretation disables the current relativistic quantum mechanics from maintaining
the statistical single-particle interpretation of quantum theory. Also, this ad hoc interpretation can not be applied
to bosons. The problems of the negative-energy states and negative probability density cast a serious doubt on the
current relativistic quantum mechanics, within the scope of statistical single-particle interpretation.
In addition, the canonical momentum of a particle of massm is p = mv. Since v < c, the canonical momentum of the
particle is less than mc. Thus, uncertainty of momentum of the particle ∆p must be less than mc. Let ∆p = αmc,
where 0 ≤ α < 1. From Heisenberg’s uncertainty principle, ∆x∆p & ~/2, we have ∆x & (1/4πα)λc > λc/4π,
where λc = h/mc is the Compton wavelength. This implies that the position of a particle of mass m can not be
determined precisely with an uncertainty less than λc/4π. In contrast, there is no upper bound on uncertainty of
the position of a particle. Thus, it is possible for a particle to have momentum with arbitrary precision such that
∆p → 0 (∆x → ∞), whereas it is impossible to determine particle’s position exactly, i.e., ∆x → 0. The position
and the momentum of a particle are not on an equal footing. The usual Lorentz transformation of space-time
coordinates becomes useless as particle’s position can not be determined exactly. The usual Lorentz transformation of
space-time coordinates is inconsistent with Heisenberg’s uncertainty principle. This reinforces the novel perspective
on relativistic transformation — relativistic transformation is the transformation of virtual four-displacement δxα
(equivalently, relativistic four-momentum) of a particle, instead of space-time four-coordinate xα.
If |E| << mc2 and |V | << mc2, the new relativistic wave equation Eq. (25) becomes the time-independent
Schro¨dinger wave equation in non-relativistic quantum mechanics,
− ~
2
2m
∇2ψ(r) + V (r)ψ(r) = E ψ(r). (26)
VII. ONE-DIMENSIONAL SQUARE STEP POTENTIAL
We apply the new relativistic quantum mechanics to study standard problems in quantum mechanics. Consider a
particle impinging on square step of potential
V (x) =
{
0 , if x < 0
V > 0 , if x > 0
(27)
Case 1: E > V .
From the time-independent relativistic wave equation Eq. (25), for x < 0,
d2ψ(x)
dx2
+ k2ψ(x) = 0, (28)
where k = mc
~
√
1− e−2E/mc2 , and for x > 0,
d2ψ(x)
dx2
+ k′2ψ(x) = 0, (29)
where k′ = mc
~
√
1− e−2(E−V )/mc2 . Then, the general solution is
ψ(x) =
{
Aeikx +B e−ikx , if x < 0
C eik
′x , if x > 0
(30)
where A, B, and C are constants. Since the particle is incident from left in the region x < 0, the term e−ik
′x is not
included in the solution in the region x > 0. By matching ψ(x) and dψ(x)/dx across the step at x = 0, we obtain
A+B = C and k(A−B) = k′C. Hence,
B
A
=
k − k′
k + k′
, (31)
and
C
A
=
2k
k + k′
. (32)
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From Eqs. (31) and (32),
|B|2
|A|2 +
k′
k
|C|2
|A|2 = 1. (33)
Also, substituting the wave function Eq. (30) into the probability current density Eq. (21), we have
J =
{
(~k/m) [ |A|2 − |B|2] , if x < 0
(~k′/m) |C|2 , if x > 0 (34)
Thus, by the conservation of probability, we have (~k/m) [ |A|2 − |B|2] = (~k′/m) |C|2. Consequently, the reflection
coefficient is
R =
k |B|2
k |A|2 =
(k − k′)2
(k + k′)2
, (35)
and the transmission coefficient is
T =
k′ |C|2
k |A|2 =
4kk′
(k + k′)2
. (36)
Thus, R + T = 1, that is, the probability is conserved.
Case 2: E < V .
From Eq. (25), for x < 0,
d2ψ(x)
dx2
+ k2ψ(x) = 0, (37)
where k = mc
~
√
1− e−2E/mc2 , and for x > 0,
d2ψ(x)
dx2
− q2ψ(x) = 0, (38)
where q = mc
~
√
e−2(E−V )/mc2 − 1. Then, the general solution is
ψ(x) =
{
Aeikx +B e−ikx , if x < 0
D e−qx , if x > 0 (39)
where A, B, and D are constants. The term eqx is not included in the solution in the region x > 0, because this term
diverges in the limit x→ +∞. By the boundary conditions that ψ(x) and dψ(x)/dx are continuous at x = 0, we have
A+B = D and ik(A−B) = −qD. Then,
B
A
= (1− iq/k)/(1 + iq/k), (40)
and
D
A
= 2/(1 + iq/k). (41)
From Eqs. (39) and (21), the probability current density J(x) = 0 in the region x > 0. The reflection coefficient is
R = |B|2/|A|2 = 1. That is, particles are totally reflected, if their kinetic energies are less than the potential energy.
This prediction is consistent with the prediction of non-relativistic quantum mechanics.
However, according to the current relativistic quantum mechanics, suppose V > 2mc2 and the kinetic energy of the
particle is in the region between 0 and V −2mc2, then the reflection coefficient R > 1 and the transmission coefficient
T < 0 — the so-called Klein paradox [67–70]. Moreover, the reflection coefficient becomes R = 1, if the kinetic energy
of the particle is higher than V − 2mc2, but less than V . The Klein paradox is counter to the meaning of probability
and the conservation of probability.
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VIII. ONE-DIMENSIONAL SQUARE BARRIER POTENTIAL
Consider a particle incident on a square barrier
V (x) =


0 , if x < 0
V > 0 , if 0 < x < L
0 , if x > L
(42)
Case 1: E > V .
From the time-independent relativistic wave equation Eq. (25), in the regions x < 0 and x > L,
d2ψ(x)
dx2
+ k2ψ(x) = 0, (43)
where k = mc
~
√
1− e−2E/mc2 . In the region 0 < x < L,
d2ψ(x)
dx2
+ k′2ψ(x) = 0, (44)
where k′ = mc
~
√
1− e−2(E−V )/mc2 . Then, the general solution is
ψ(x) =


Aeikx +B e−ikx , if x < 0
C eik
′x +D e−ik
′x , if 0 < x < L
F eikx , if x > L
(45)
where A, B, C, D, and F are constants. The continuity conditions of ψ(x) and dψ(x)/dx at x = 0 and x = L yield
A+ B = C +D, k(A− B) = k′(C −D), C eik′L +D e−ik′L = F eikL and k′(C eik′L −D e−ik′L) = k F eikL. Solving
B and F , we have
B
A
= 2 i (k′2 − k2) sin (k′L) [4k k′ cos(k′L)− 2 i (k2 + k′2) sin(k′L)]−1 , (46)
and
F
A
= 4k k′e−ikL
[
4k k′ cos(k′L)− 2 i (k2 + k′2) sin(k′L)]−1 . (47)
Consequently, the reflection coefficient is
R =
|B|2
|A|2
=
(
k2 − k′2
2 k k′
)2
sin2(k′L)
[
1 +
(
k2 − k′2
2 k k′
)2
sin2(k′L)
]−1
, (48)
and the transmission coefficient is
T =
|F |2
|A|2
=
[
1 +
(
k2 − k′2
2 k k′
)2
sin2(k′L)
]−1
. (49)
The formula of the transmission coefficient Eq. (49) is the same as that by non-relativistic quantum mechanics
[79]. Thus, the new relativistic quantum mechanics contains non-relativistic quantum mechanics as a low-speed limit,
since k ≈ √2mE/~ and k′ ≈
√
2m(E − V )/~ as V < E << mc2. As an example for the relativistic case, predictions
of the new relativistic quantum mechanics and non-relativistic quantum mechanics for the square barrier of height
V = 2mc2 and width L = 40 ~/mc are shown in Fig. 3. Both predictions of transmission coefficient exhibit the
resonance effect of tunneling as k′L = nπ (n is integer). Ratio of the transmission coefficients predicted by these
12
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FIG. 3: Transmission coefficient of particles impinging at square barrier of height V = 2mc2 and width L = 40 ~/mc. For a
free particle of kinetic energy 2mc2, its speed is ≈ 0.99 c, as estimated by E = mc2 lnγ. Solid line is the prediction by the new
relativistic quantum mechanics. Dot-dashed line is the prediction by non-relativistic quantum mechanics.
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FIG. 4: Ratio of the transmission coefficients predicted by the new relativistic quantum mechanics and non-relativistic quantum
mechanics, for the case in Fig. 3
.
two theories is shown in Fig. 4. The transmission coefficient predicted by the new relativistic quantum mechanics is
averagely higher than that by non-relativistic quantum mechanics.
Case 2: E < V .
From Eq. (25), in the regions x < 0 and x > L,
d2ψ(x)
dx2
+ k2ψ(x) = 0, (50)
where k = mc
~
√
1− e−2E/mc2 . In the region 0 < x < L,
d2ψ(x)
dx2
− q2ψ(x) = 0, (51)
where q = mc
~
√
e−2(E−V )/mc2 − 1. Then, the general solution is
ψ(x) =


Aeikx +B e−ikx , if x < 0
C eqx +D e−qx , if 0 < x < L
F eikx , if x > L
(52)
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where A, B, C, D, and F are constants. The continuity conditions of ψ(x) and dψ(x)/dx at x = 0 and x = L yield
A+B = C +D, i k(A−B) = q(C −D), C eqL +D e−qL = F eikL and q(C eqL −D e−qL) = i k F eikL. Solving for B
and F , we have
B
A
= −ik
2 + q2
k q
sinh(qL)
[
2 cosh(qL) + i
q2 − k2
k q
sinh(qL)
]−1
, (53)
and
F
A
= 2e−ikL
[
2 cosh(qL) + i
q2 − k2
k q
sinh(qL)
]−1
. (54)
Consequently, the reflection coefficient R and transmission coefficient T are
R =
(
k2 + q2
2 k q
)2
sinh2(qL)
[
cosh2(qL) +
(
q2 − k2
2 k q
)2
sinh2(qL)
]−1
, (55)
and
T =
[
1 +
(
k2 + q2
2 k q
)2
sinh2(qL)
]−1
. (56)
For particles of kinetic energy E = 2mc2 and square barrier width L = 15 ~/mc, predictions of the transmission
coefficient versus the height of square barrier by the new relativistic quantum mechanics and non-relativistic quantum
mechanics are shown in Fig. 5. Both theories predict that the probability of tunneling decreases exponentially as
the height of square barrier increases. In order to get larger transmission coefficient, the width of the barrier should
be chosen as small as possible. Fig. 6 shows the ratio of the transmission coefficients by these two theories. The
transmission coefficient by the new relativistic quantum mechanics is not definitely larger than that by non-relativistic
quantum mechanics, but only in a region of V/E . 1.07. This indicates that if one wants to experimentally detect the
relativistic effect on the transmission coefficient, the height of barrier and particle’s kinetic energy should be made as
close as possible.
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FIG. 5: The transmission coefficients versus the height of square barrier are predicted for the barrier of width L = 15 ~/mc
and particle’s kinetic energy E = 2mc2. Solid line is the prediction by the new relativistic quantum mechanics. Dot-dashed
line is the prediction by non-relativistic quantum mechanics.
However, according to the Dirac wave equation in the current relativistic quantum mechanics, the reflection coeffi-
cient and the tranmission coefficient are [69–71]
R =
( 1− κ˜2 )2 sin2(q˜ L)
4 κ˜2 + ( 1− κ˜2 )2 sin2(q˜ L) , (57)
and
T =
4 κ˜2
4 κ˜2 + ( 1− κ˜2 )2 sin2(q˜ L) . (58)
14
1.00 1.05 1.10 1.15 1.20
0
1
2
3
4
5
Potential Energy  Kinetic Energy
N
ew
-
R
el

N
on
-
R
el
FIG. 6: Ratio of the transmission coefficient by the new relativistic quantum mechanics and non-relativistic quantummechanics,
for the case in Fig. 5. The transmission coefficient by this relativistic quantum mechanics is larger than that by non-relativistic
quantum mechanics only when V/E . 1.07.
Here, κ˜ =
√
(V − E˜ +mc2)(E˜ +mc2) /
√
(V − E˜ −mc2)(E˜ −mc2) and q˜ = −
√
(V − E˜)2 −m2c4 /~c. It should be
noted that the energy of the particle E˜ includes the rest mass energy mc2. Eq. (58) holds only for V > 2mc2 and
E˜ < V −mc2. In addition, from Eq. (58), the transmission coefficient becomes unity, if q˜ L = nπ (n is integer). The
tranmission coefficient is even not zero, as V goes to infinity. These peculiar predictions are also called the Klein
paradox. For square barrier of width L = 15 ~/mc and height V = 2.5mc2, the transmission coefficient versus the
kinetic energy E˜−mc2 predicted by the current relativistic quantum mechanics is given in Fig. 7. The kinetic energy
of the particle is only allowed in the region between 0 and 0.5 mc2, from the definition of κ˜ and V = 2.5mc2. There
is a resonance effect in tunneling, even though the kinetic energy is in the non-relativistic regime and much less than
the height of the barrier.
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FIG. 7: Transmission coefficient versus kinetic energy is predicted by the current relativistic quantum mechanics for square
barrier of height 2.5mc2 and width L = 15 ~/mc. The kinetic energy E˜ −mc2 is in units of mc2.
For comparison, predictions by the new relativistic quantum mechanics and non-relativistic quantum mechanics are
given in Fig. 8. These predictions are pronouncedly different from that by the current relativistic quantum mechanics.
There is almost no tunneling for particles of kinetic energy less than 2.45mc2. The probability of tunneling raises
exponentially as the kinetic energy increases from 2.45mc2 to 2.5mc2 (the height of the square barrier). Also, no
resonance in tunneling is predicted by either the new relativistic quantum mechanics, or non-relativistic quantum
mechanics. The current relativistic quantum mechanics is contradictory to non-relativistic quantum mechanics even
in the non-relativistic regime. Nevertheless, a true relativistic quantum mechanics must contain non-relativistic
quantum mechanics as a low-speed limit.
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FIG. 8: Transmission coefficient for the same square barrier given in Fig. 7. The kinetic energy is in units of mc2. Solid line
is the prediction by the new relativistic quantum mechanics. Dot-dashed line is the prediction by non-relativistic quantum
mechanics.
Notwithstanding no experimental evidence confirming the Klein paradox, different reasons are given to rationalize
the anomalies: particle-antiparticle pair creation, hole theory, or virtual negative-energy incidence within the barrier
[69, 70, 72, 73]. None of these reasons can resolve the Klein paradox beyond dispute. For instance, by the pair
creation, the current relativistic quantum mechanics should be replaced by quantum field theory. In that case, the
current relativistic quantum mechanics is questionable. Therefore, the existence of the Klein paradox is dubious,
and the pair creation by quantum field theory seems just an ad hoc excuse for the artifical paradox. Furthermore,
based on the pair creation, a new type of paradox, continual growth of anti-particles within the barrier, was pointed
out [74]. Oppositely, without appealing to quantum field theory, the Klein paradox can be avoided by proper-time
formulation of relativistic quantum mechanics, within the single-particle interpretation [75–77]. Even more, there may
exist experimental evidence against the existence of the Klein paradox, as claimed recently [78]. The Klein paradox
has not been convincingly resolved for more than eighty years.
The Klein-Gordon wave equation and the Dirac wave equation in the current relativistic quantum mechanics are
formulated by a systematic method based on the Lorentz covariance criterion — forms of non-relativistic physical
laws are modified into Lorentz-covariant forms by an experiential guess methodology. Yet, a physical law need not be
Lorentz-covariant to fulfill the principle of relativity. As well, a ’physical law’ need not fulfill the principle of relativity,
even though its formula is made Lorentz-covariant. Since the principle of relativity can not be truly implemented
by the Lorentz covariance criterion, the Lorentz covariance criterion as currently applied in formulating the laws in
relativity and relativistic quantum mechanics is questionable. Thus, the validity of the Klein-Gordon wave equation
and the Dirac wave equation should not be justified only by the Lorentz covariance criterion. Rather, owing to their
inborn anomalies, the negative probability density, the negative-energy states and Zitterbewegung, the Klein-Gordon
wave equation and the Dirac wave equation are most likely wrong.
IX. ONE-DIMENSIONAL INFINITE SQUARE WELL
We apply the new relativistic quantum mechanics to study the other basic problems in quantum mechanics, the
infinite and the finite square wells. Consider a particle in an one-dimensional infinite square well
V (x) =


∞ , if x < −a
0 , if |x| < a
∞ , if x > a
(59)
In the region |x| < a, V = 0 and the kinetic energy of the particle E > 0. From the time-independent relativistic
wave equation Eq. (25), we have
d2ψ(x)
dx2
+ k2ψ(x) = 0, (60)
where
k =
mc
~
√
1− e−2E/mc2 . (61)
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In the region |x| > a, we have ψ(x) = 0, since V =∞. Thus, the general solution is
ψ(x) =
{
A sin(kx), or B cos(kx) , if |x| < a
0 , otherwise
(62)
where A and B are constant. Since ψ(x) = 0 at the boundaries, we obtain k = nπ/L, where L = 2a is the width of
the well, and n is an integer. Thus, we have the wave function for the bound states: sin(nπx/L), where n is an even
integer, and cos(nπx/L), where n is an odd integer. From Eq. (61), the energies of the bound states are
En = −1
2
mc2 ln (1− n
2π2~2
m2c2L2
), (63)
where n = 1, 2, 3, .... If n2π2~2/m2c2L2 << 1, then
En ≈ n
2π2~2
2mL2
[
1 +
1
mc2
n2π2~2
2mL2
+ · · ·
]
(64)
The eigen-energies of bound states are E¯n = n
2π2~2/2mL2, as predicted by non-relativistic quantum mechanics [79].
The eigen-energies En of bound states by the new relativistic quantum mechanics are always larger than E¯n.
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FIG. 9: The eigen-energy of ground state versus the width of infinite square well are predicted by non-relativistic quantum
mechanics (dashed line) and the new relativistic quantum mechanics (solid line). The width of well is in units of Compton
wavelength λc = h/mc, and the eigen-energy is in units of mc
2.
The eigen-energy of ground state versus the width of square well predicted by the two theories is shown in Fig. 9.
Both theories show that the narrower the square well width is, the higher eigen-energy the ground state has. According
to non-relativistic quantum mechanics, there are bound states in an infinite square well, no matter how narrow the
well width is. However, Fig. 9 shows there is no bound state when the well width is less than half of the Compton
wavelength λc = h/mc, in accordance with the new relativistic quantum mechanics. From Eq. (63), the eigen-energies
En are real, only if n
2π2~2/m2c2L2 ≤ 1. Therefore, if L < π~/mc = λc/2, then there is no bound state in the infinite
square well. This is consistent with that, as pointed out in Sec. VI, the position of a particle of mass m can not be
determined precisely with an uncertainty less than λc/4π.
Though the problem of one-dimensional infinite square well is considered as the simplest, but essential, example in
non-relativistic quantum mechanics, this problem is not dealt with in textbooks of the current relativistic quantum
mechanics [58, 59]. It has even been commented that any consideration of the infinite square well is ruled out by the
current relativistic quantum mechanics [80]. In spite of that comment, eigen-energies of bound states are predicted by
the Dirac wave equation with various assumptions, but the predictions are not the same [81–83]. It is fair to say that
the problem of one-dimensional infinite square well remains unsolved by the current relativistic quantum mechanics.
X. ONE-DIMENSIONAL FINITE SQUARE WELL
Now consider a particle in an one-dimensional square well with the potential
V (x) =


V , if x < −a
0 , if |x| < a
V , if x > a
(65)
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We consider only bound states, thus 0 < E < V . From Eq. (25), in the region |x| < a,
d2ψ(x)
dx2
+ k2ψ(x) = 0, (66)
where
k =
mc
~
√
1− e−2E/mc2 , (67)
and in the region |x| > a,
d2ψ(x)
dx2
− κ2ψ(x) = 0, (68)
where
κ =
mc
~
√
e−2(E−V )/mc2 − 1. (69)
Also, the general solution is
ψ(x) =


A sin(kx), or B cos(kx) , if |x| < a
C e−κx , if x > a
D e+κx , if x < −a
(70)
where A, B, C and D are constants. By matching ψ(x) and dψ(x)/dx at the boundaries, we have, for even function
solutions ψ(x) = A cos(kx),
k tan(ka) = κ, (71)
and for odd function solutions ψ(x) = B sin(kx),
k cot(ka) = −κ. (72)
For a deep well, V >> mc2, from Eq. (69) we have κ >> 1. Thus, from Eqs. (71) and (72), ka ≈ nπ/2, where
n is an integer. Then, from Eq. (67), we obtain En ≈ − 12 mc2 ln (1 − n
2π2~2
m2c2L2 ). This result is consistent with the
eigen-energies of the infinite square well Eq. (63).
For a shallow well, V << mc2, we have 0 < E < V << mc2. Then, from Eq. (67), k ≈ √2mE/~, and from
Eq. (69), κ ≈
√
2m(V − E)/~. Thus, in the non-relativistic regime, eigen-energies of bound states by the new
relativistic quantum mechanics are approximately equal to those obtained by non-relativistic quantum mechanics
[79].
From Eq. (71), we have
tan(z) = eV/mc
2
√
(
z0
z
)2 − 1, (73)
where z ≡ ka and z0 ≡ mca~
√
1− e−2V/mc2 . From either Eq. (71), or Eq. (73), we can solve the energies of even-parity
bound states numerically.
As an example for a shallow well, let V = 0.3mc2 and L = 50 ~/mc. The eigen-energies of bound states predicted
respectively by non-relativistic quantum mechanics, Dirac theory [58, 59, 80] and the new relativistic quantum me-
chanics are shown in Table II. It should be noted that the eigen-energies of bound states do not contain the rest
mass energy. The results show that these three theories are consistent with each other in the non-relativistic regime
E . 0.1mc2. The relation between the speed and the kinetic energy of a particle is shown in Fig. 10. For E = 0.1mc2,
the speed of particle is: v ≈ 0.45 c as estimated by E = mv2/2 of non-relativistic theory; v ≈ 0.42 c as estimated by
E = (γ − 1)mc2 of the current relativity theory; or v ≈ 0.43 c by E = mc2 lnγ of the new relativity theory [54].
For a deep well, let V = 2.3mc2 and L = 50 ~/mc as an example. The eigen-energies of bound states predicted
respectively by these three theories are shown in Table III. The results show there is no bound state in the regime
0 < E < 0.3mc2, in accordance with Dirac theory [59, 80]. In general, according to the current relativistic quantum
mechanics, there is no bound state in the range 0 < E < V − 2mc2, as long as the height of the well V > 2mc2
— the so-called Klein Paradox of deep square well [67]. The anomaly of the current relativistic quantum mechanics
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Non-Rel Dirac-Rel New-Rel
1 0.0017846511 0.0017706025 0.0018135358
2 0.0160490225 0.0158215287 0.0165335149
3 0.0445045706 0.0433371366 0.0471525664
4 0.0869775503 0.0832348610 0.0962716984
5 0.1431072107 0.1340656791 0.1682948141
6 0.2120353124 0.1940810381 0.2674506448
7 0.2898509394 0.2608495741 X
TABLE II: The eigen-energies of even-parity bound states predicted respectively by non-relativistic quantum mechanics, Dirac
theory and the new relativistic quantum mechanics, for square well of height V = 0.3mc2 and width L = 50 ~/mc. The
eigen-energies are in units of mc2.
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FIG. 10: The speed of a particle versus its kinetic energy: doted line is by E = mv2/2 of non-relativistic theory, dashed line is
by E = (γ − 1)mc2 of the current relativity theory, and solid line is by E = mc2 lnγ of the new relativity theory. The kinetic
energy is in units of mc2. The speed is in units of light speed.
remains unresolved [61, 68–70]. The current relativistic quantum mechanics does not contain non-relativistic quantum
mechanics as a low-speed limit.
In contrast, the results show that the new relativistic quantum mechanics is consistent with non-relativistic quantum
mechanics in the non-relativistic regime. Yet, in the relativistic regime, the prediction by the new relativistic quantum
mechanics is markedly different from that by non-relativistic quantum mechanics. There are only a few bound states
in the relativistic regime, as compared with the other two theories. The reason is that the speed v of the bound
particle must be less than c, and the confining interaction on the particle is reduced by the factor 1− (v/c)2 [35–37].
These lead to an upper bound on energies of bound states, even for the infinite potential well.
XI. APPLICATIONS IN NUCLEAR PHYSICS
In nuclear β decay, an electron is released from the nucleus. However, electrons are not constituents of the nucleus,
according to the current theories and experimental data. That is, electrons can not be confined inside the nucleus
by nuclear force. The current reason is as follows [84, 85]: If an electron can be held inside a nucleus whose radius
is about 5 fm (this value is consistent with experimental data of the size of atomic nuclei), then the maximum of
wavelengths of the electron inside the nucleus is λ ≈ 10 fm. Thus, the momentum of the electron is p = h/λ & 124
MeV/c at least. By E2 = p2c2+m2c4 in special relativity and the rest mass energy of an electron mc2 = 0.511 MeV,
the energy of an electron inside the nucleus is at least about E ≈ pc ≈ 124 MeV. Yet, kinetic energies of electrons
found in β-decay are in the range from KeV to a few MeV. Also, the nuclear binding energy per nucleon is about 8
MeV . Therefore, an electron can not be confined inside the nucleus by nuclear force, since the nuclear binding energy
is far less than 124 MeV. Nonetheless, this heuristic argument does not rule out the possibility that an electron can
be confined inside the nucleus in case the nuclear binding energy is sufficiently large.
We present an entirely different reason why an electron can not be confined inside the nucleus, based on the new
relativistic quantum mechanics. As mentioned in Sec. IX, a particle of massm can not be confined in a region less than
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Non-Rel Dirac-Rel New-Rel
1 0.001902293 0.359313042 0.001961917
2 0.017119946 0.445785446 0.017938337
3 0.047551517 0.537412903 0.051494736
4 0.093189369 0.633341306 0.106423759
5 0.154021609 0.732863972 0.190393795
6 0.230031505 0.835399176 0.319730324
7 0.321196599 0.940468560 0.536548760
8 0.427487394 1.047677969 1.014806876
9 0.548865387 1.156701163 X
10 0.685280096 1.267266244 X
11 0.836664369 1.379144391 X
12 1.002926666 1.492140340 X
13 1.183937482 1.606083954 X
14 1.379503294 1.720821912 X
15 1.589309931 1.836207756 X
16 1.812773705 1.952085926 X
17 2.048491237 2.068255025 X
18 2.288027319 2.184334004 X
19 X 2.297849281 X
TABLE III: The eigen-energies of even-parity bound states predicted respectively by non-relativistic quantum mechanics, Dirac
theory and the new relativistic quantum mechanics, for deep square well of height V = 2.3mc2 and width L = 50 ~/mc. The
eigen-energies are in units of mc2. For E = mc2, the speed of particle is v ≈ 0.93 c as estimated by E = mc2 lnγ.
half of its Compton wavelength, even the confining potential is infinite. Therefore, an electron can not be confined
inside the nucleus by whatever binding potential, since the Compton wavelength of an electron is about λc ≈ 2.4 pm
(10−12 meter), whereas the radial size of the nucleus is R ≈ 1.2A1/3 fm (10−15 meter) by experiments, where A is
nucleon number [84, 85].
As a further implication, a nucleon (proton, or neutron) can not be confined inside an infinite well of width less
than 0.66 fm since the Compton wavelength of a nucleon is about 1.32 fm. Therefore, the diameter of the nucleus
is estimated as 0.66 fm at least, if the nucleus is simply regarded as an infinite square well confining nucleons. This
estimation, though over-simplified, is consistent with experimental data of the size of the nucleus.
XII. CONCLUSION ON THE NEW RELATIVISTIC QUANTUM MECHANICS
The differential Lorentz transformation is the transformation of virtual four-displacements δxα, or equivalently
relativistic four-momentum, of a particle. Maxwell’s equations of electrodynamics are rendered form-invariant through
the transformation of electromagnetic fields in the k-space, rather than in the space-time space. The principle of
relativity means that the same physical laws hold in all inertial frames, rather than their mathematical formulas
are Lorentz-covariant under the Lorentz transformation of space-time coordinates. With the novel perspective on
relativistic transformation, physical laws need not satisfy the Lorentz covariance criterion to fulfill the principle of
relativity. The space and time concept underlying the new relativistic transformation is Newtonian absolute space
and absolute time. With the novel perspective on relativistic transformation and the very meaning of the principle
of relativity, quantum theory is compatible with the principle of relativity.
A new theory of relativistic quantum mechanics is formulated based on the novel perspective on relativistic trans-
formation. The underlying space and time concept of the new relativistic quantum mechanics is Newtonian absolute
space and absolute time. The relativistic quantum mechanics maintains the essentials of non-relativistic quantum
mechanics, for example, the statistical single-particle interpretation and Heisenberg’s uncertainty principle. Moreover,
the new relativistic quantum mechanics contains non-relativistic quantum mechanics as a low-speed limit, and it is
free from the anomalies of the current relativistic quantum mechanics such as the negative probability density, the
negative-energy states, the Klein paradox and Zitterbewegung. In contrast, the current relativistic quantum mechan-
ics does not contain non-relativistic quantum mechanics as a low-speed limit. Furthermore, a remarkable result is
found as applying the new relativistic quantum mechanics to study the problems of square potential well — a particle
can not be confined within an infinite square well of width less than half of the Compton wavelength of the particle.
This finding implies that neither electrons, nor positrons, can be confined inside the nucleus. Moreover, there is a
lower bound on the size of the nucleus; the diameter of the nucleus is estimated as 0.66 fm at least .
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Einstein’s notion of space-time is incompatible with the Newtonian notion of absolute space and absolute time. So
far experimental tests of the Bell inequality have confirmed the predictions of quantum theory based on Newtonian
absolute space and absolute time. Supposing that experimental tests of the Bell inequality confirming quantum theory
are indeed true, then experiments supporting Einstein’s notion of space-time become dubious. Besides experimental
tests of the Bell inequality so far confirming quantum theory, the novel perspective on relativistic transformation and
the very meaning of the principle of relativity necessitate a radical reappraisal of Einstein’s notion of space-time and
its experimental evidence.
XIII. RELATIVISTIC QUANTUM STATISTICS
Next based on this novel perspective, we formulate a new theory of relativistic quantum statistics, and then apply
this theory to study thermal properties of a dilute gas.
The postulates of non-relativistic quantum statistics are [86, 87]:
1. For an equilibrium system all micro-states are equally probable.
2. The observed macro-state of a system is the one with the most micro-states.
3. Pauli exclusion principle for identical particles.
4. Boltzmann’s postulate S = k lnΩ.
Based on the above postulates, the probability distribution functions for an equilibrium system are derived as
f(ǫ) =
1
e(ǫ−µ)/kT + a
, (74)
where k is Boltzmann constant, T is temperature, µ is chemical potential and ǫ is energy of an eigen-state. For
Fermi-Dirac distribution, a = 1; for Bose-Einstein distribution, a = −1; for Maxwell-Boltzmann distribution, a = 0.
There are disputes on whether or not the three standard probability distribution functions are invariant, that is,
the same formulas hold in all inertial frames. Based on the covariant proper-time approach, alternative relativistic
probability distribution functions are derived to challenge the invariance of the standard probability distribution
functions [88]. However, that covariant proper-time approach is criticized from both theoretical and experimental
aspects [89]. In the experimental aspect, there are many experiments confirming the blackbody radiation that is
formulated based on the standard Bose-Einstein distribution. This indicates that the Bose-Einstein distribution holds
in all inertial frames. Thus, the covariant relativistic probability distributions are invalidated by experiments. It
is very unlikely that the Bose-Einstein distribution is invariant, whereas the other two are not. All three standard
probability distribution functions are invariant.
As extended to the relativistic realm, do the postulates and the three standard probability distribution functions
of non-relativistic quantum statistics hold in all inertial frames? Postulates (1) and (2) are formulated in terms of
the notion of statistics. Postulate (3) sets rules for identical particles. Postulate (4) provides a connection between
statistics and thermal physics. These postulates are not expressed as mathematical formulas in terms of space and time
parameters. That is, these postulates are formulated without any notion of space-time. Thus, whether or not these
postulates fulfill the principle of relativity can not be decided by their mathematical forms being (or not) covariant
under Lorentz transformation of space-time coordinates — the so-called Lorentz-covariant criterion. Furthermore,
the probability distribution functions are derived just by maximizing the probability for the observed macro-state (or,
maximizing the entropy for the equilibrium state in thermodynamics) based on the postulates [86, 87]. The derivation
has nothing to do with any notion of space-time. As mentioned previously, the same physical law can hold in all inertial
frames (that is, the law fulfills the principle of relativity), even though its mathematical formula is not expressed in a
Lorentz-covariant form. With this novel perspective, we can assume that the postulates of non-relativistic quantum
statistics fulfill the principle of relativity. That is, the postulates of non-relativistic quantum statistics are assumed to
be the same in all inertial frames, though their forms are not manifestly Lorentz-covariant in the current perspective.
The validity of this assumption can be justified by experimental tests on consequences derived from this assumption.
Based on this novel perspective, we have a new theory of relativistic quantum statistics — all the postulates and all
three probability distribution functions of non-relativistic quantum statistics are retained; yet the eigen-energy ǫ is
evaluated by relativistic quantum mechanics, instead of non-relativistic quantum mechanics.
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XIV. RELATIVISTIC SPEED DISTRIBUTION OF A DILUTE GAS IN A BOX
The first relativistic generalization of Maxwell speed distribution was presented by F. Ju¨ttner in 1911 [90]. Ju¨ttner
speed distribution has been accepted and applied in, for example, high-energy physics and astrophysics [91, 92].
However, in recent years alternatives of relativistic speed distribution were proposed to challenge Ju¨ttner speed
distribution [88, 93–98]. The correctness of these relativistic speed distributions is still being actively investigated
today [89, 99–102].
To derive speed distribution of a dilute gas, one has to evaluate eigen-energies and eigen-states of a particle in a
box, and use them to derive the density of states. It should be emphasized that solving the problem of eigen-energies
of a particle in a box is implausible by the current relativistic quantum mechanics [58, 59, 80]. However, by the new
relativistic quantum mechanics, we are able to derive eigen-energies and eigen-states of a particle in a box, and then
with the obtained results to derive the density of states. By the new theory of relativistic quantum statistics with the
density of states obtained, we derive speed distribution of a dilute gas.
Consider a particle in a three-dimensional cubic box of width L. Solving the problem by Eq. (25) of the new
relativistic quantum mechanics, we have the wave functions of eigen-states
ψkx,ky,kz(x, y, z) =
{
A sin(kxx) sin(kyy) sin(kzz), inside the box
0, outside the box
(75)
Here, kx = nxπ/L, ky = nyπ/L and kz = nzπ/L, where nx, ny and nz are positive integers. In addition,
k2x + k
2
y + k
2
z =
m2c2
~2
(1 − e−2E/mc2). (76)
The energy of the eigen-state ψkx,ky,kz(x, y, z) is
E(kx, ky, kz) = −mc
2
2
ln
[
1− ~
2
m2c2
(k2x + k
2
y + k
2
z)
]
. (77)
By the well-known method [86, 87], from Eq. (77) the density of states g(ǫ) is
g(ǫ) =
4πVm2c
h3
e−2ǫ/mc
2
(1− e−2ǫ/mc2)1/2, (78)
where h is Planck constant, and V = L3 is the volume of the box. In the low energy limit ǫ≪ mc2, Eq. (78) reduces
to the non-relativistic density of states of a particle in a box as derived by non-relativistic quantum mechanics [87]
gc(ǫ) =
4
√
2πV
h3
m3/2 ǫ1/2. (79)
The non-relativistic density of states and the relativistic density of states are shown in Fig. 11. The density of
states is in units of 4πV m3c3/h3. The relativistic density of states and the non-relativistic density of states are
almost indistinguishable when energies ǫ . 0.05mc2. The non-relativistic density of states is increasing monotonously
with increasing energy. In contrast, the relativistic density of states is first increasing to the peak at an energy
ǫ = ln(
√
3/2)mc2 ≈ 0.20mc2, and then is decreasing exponentially to zero.
For a dilute gas, the Maxwell-Boltzmann distribution is re-expressed as
f(ǫ) =
N
Z
e−ǫ/k T , (80)
where N is the total number of particles of the gas, and Z is the partition function
Z =
∫ ∞
0
g(ǫ) e−ǫ/k Tdǫ. (81)
Substituting the density of states g(ǫ) in terms of γ,
g(γ) =
4πVm3c3
h3
γ−4(γ2 − 1)1/2, (82)
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FIG. 11: The non-relativistic density of states is shown in dashed line. This relativistic density of states is shown in solid line.
Energy ǫ is in units of mc2. The density of states is in units of 4πV m3c3/h3.
into the above equation, we have the relativistic partition function
Z =
π3/2V m3c3
h3
Γ( 12α + 1)
Γ( 12α +
5
2 )
, (83)
where α ≡ k T/mc2 and Γ(x) is the gamma function [103]. The non-relativistic partition function derived by non-
relativistic quantum mechanics is [87]
Zc =
(
2πmkT
h2
)3/2
V =
π3/2V m3c3
h3
(2α)3/2. (84)
The non-relativistic partition function and this relativistic partition function Eq. (83) versus temperature are shown
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FIG. 12: The non-relativistic partition function is shown in dashed line. This relativistic partition function is shown in solid
line. The partition function is in units of V π3/2m3c3/h3.
in Fig. 12. Both partition functions are in units of V π3/2m3c3/h3 = π3/2V/λ3c . This relativistic partition function
reduces to the non-relativistic partition function when temperature α . 0.01. As mentioned in Sec. IX, a particle can
not be confined in an one-dimensional box of width less than half of the Compton wavelength. Thus, a particle can not
be confined in a box of volume less than (1/8)Vc, where Vc ≡ λ3c , called Compton volume. One-eighth of the Compton
volume is the least volume that can accommodate a particle. We consider nQ = π
3/2/Vc as quantum concentration.
If the particle concentration n ≡ N/V is much less than the quantum concentration nQ, then Maxwell-Boltzmann
distribution can be applied in such case. Otherwise, Fermi-Dirac distribution should be used for Fermi gas, and
Bose-Einstein distribution should be used for Bose gas. It should be noted that due to the density of states at high
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energy (ǫ & 2mc2) being extremely low, one had better use Fermi-Dirac distribution for Fermi gas at extremely high
temperature.
From Eqs. (78), (80) and (83), the number of particles in the energy interval between ǫ and ǫ+ dǫ is
N(ǫ) dǫ = f(ǫ) g(ǫ) dǫ
= 4N√
π
Γ( 1
2α
+ 5
2
)
Γ( 1
2α
+1)
e−2ǫ/mc
2
(1− e−2ǫ/mc2)1/2 e−(ǫ/mc2)/αd(ǫ/mc2). (85)
In terms of γ, the distribution of particles is
N(γ) dγ =
4N√
π
Γ( 12α +
5
2 )
Γ( 12α + 1)
γ−4(γ2 − 1)1/2e−lnγ/α dγ. (86)
In terms of β = v/c, the relativistic speed distribution is
N(β) dβ =
4N√
π
Γ( 12α +
5
2 )
Γ( 12α + 1)
β2 e−ln(1/
√
1−β2)/α dβ. (87)
In the low temperature and the low speed limit, this relativistic speed distribution reduces to Maxwell speed distri-
bution
NM (v) dv = 4πN(
m
2πkT
)3/2 v2 e−mv
2/2kT dv, (88)
because for α≪ 1,
Γ( 12α +
5
2 )
Γ( 12α + 1)
≈ ( 1
2α
)
5
2
−1. (89)
Here, we apply the asymptotic representation of Γ(x) for |x| ≫ 1 [103],
Γ(x) ≈ xx−1/2e−x√π {1 + 1
12x
+
1
288x2
+ ...}. (90)
Maxwell speed distributions of a dilute gas at various temperatures are shown in Fig. 13. The curves from left to
right are the speed distributions at temperatures α = 0.01, α = 0.1 and α = 1, respectively. When α = 1, there are
more than half of the particles whose speeds exceed the speed of light. This relativistic speed distributions Eq. (87)
at the same various temperatures are shown in Fig. 14. For all temperatures, there is no particle whose speed exceeds
the speed of light. When α . 0.01, this relativistic speed distribution and Maxwell speed distribution are almost
indistinguishable. From Eq. (87), the average speed of this relativistic speed distribution is
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FIG. 13: Maxwell speed distributions at temperatures α = 0.01, α = 0.1 and α = 1 are shown, respectively, in the curves from
left to right. The area under each Maxwell speed distribution is normalized to unity.
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FIG. 14: This relativistic speed distributions at temperatures α = 0.01, α = 0.1 and α = 1 are shown, respectively, in the
curves from left to right. The area under each relativistic speed distribution is normalized to unity.
β¯ =
∫ 1
0
βN(β) dβ/N =
2√
π
Γ( 12α +
5
2 )
Γ( 12α + 3)
. (91)
For low temperature (α . 0.01), β¯ ≈ (2/√π)(1/2α)5/2−3 ≈
√
8kT/πmc2; it is equal to the average speed of Maxwell
speed distribution v¯ =
√
8kT/πm. For extremely high temperature, β¯ ≈ (2/√π)(Γ(5/2)/Γ(3)) ≈ 3/4. By similar
calculation, the root-mean-square speed is βrms =
√
3α/1 + 5α. For low temperature, βrms ≈
√
3α ≈
√
3kT/mc2;
thus vrms ≈
√
3kT/m, the same as that of Maxwell speed distribution. For extremely high temperature, βrms ≈
√
3/5.
The most probable speed is βm =
√
2α/1 + 2α. For low temperature, βm ≈
√
2α ≈
√
2kT/ mc2; thus vm ≈
√
2kT/m,
the same as that of Maxwell speed distribution. For extremely high temperature, βm ≈ 1.
XV. NEW RELATIVISTIC SPEED DISTRIBUTION VERSUS JU¨TTNER SPEED DISTRIBUTION
The generally accepted relativistic distribution of a dilute gas is Ju¨ttner distribution [90, 104], in terms of γ,
NJ(γ) dγ =
N
αK2(1/α)
γ (γ2 − 1)1/2 e−γ/α dγ, (92)
where K2(x) is the modified Bessel function of order 2 [103]. In terms of β,
NJ(β) dβ =
N
αK2(1/α)
β2 (1 − β2)−5/2 e−
1
α
√
1−β2 dβ, (93)
Ju¨ttner speed distributions of a dilute gas at various temperatures α = 0.01, α = 0.1 and α = 1 are shown in Fig. 15.
Comparison between Ju¨ttner speed distribution and this relativistic speed distribution is shown in Fig. 16. The
two relativistic speed distributions are remarkably different at high temperature α = 1. According to Ju¨ttner speed
distribution, almost all the particles have speeds larger than 0.8 c. In contrast, according to this relativistic speed
distribution, there are more than 67% of particles whose speeds are less than 0.8 c.
XVI. SOME THERMAL PROPERTIES OF A DILUTE GAS
From this relativistic speed distribution, the total energy of the gas is
U =
∫∞
0 ǫN(ǫ) dǫ =
∫∞
1 mc
2 lnγ N(γ) dγ
= N mc
2
Z
∫∞
1 lnγ g(γ) e
−lnγ/αdγ.
(94)
From the definition of partition function Eq. (81), we have(
∂Z
∂T
)
V
=
k
α2mc2
∫ ∞
1
lnγ g(γ) e−lnγ/αdγ. (95)
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FIG. 15: Ju¨ttner speed distributions at temperatures α = 0.01, α = 0.1 and α = 1 are shown, respectively, in the curves from
left to right. The area under each Ju¨ttner speed distribution is normalized to unity.
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FIG. 16: Ju¨ttner speed distributions at temperatures α = 0.01, α = 0.1 and α = 1 are shown, respectively, in the curves from
left to right. The area under each Ju¨ttner speed distribution is normalized to unity. For comparison, this relativistic speed
distributions at the same temperatures are shown in solid line.
Comparing between the above two equations, the total energy is
U = N k T 2
(
∂ lnZ
∂T
)
V
. (96)
Furthermore, from Boltzmann’s postulate S = k lnΩ, with Ω = ΩMB subject to Maxwell-Boltzmann probability
distribution, we have the entropy S = UT +Nk(lnZ − lnN +1). Also, we have the Helmholtz function F = U −TS =−NkT (lnZ− lnN+1). From the above Helmholtz function, we have pressure P = −(∂F/∂V )T = NkT (∂ lnZ/∂V )T .
Then, using the relativistic partition function Eq. (83), we obtain PV = NkT , the state equation of ideal gas. The
state equation of ideal gas is valid for a dilute gas of relativistic particles at extremely high temperature.
From the total energy Eq. (96) and the relativistic partition function Eq. (83), we have
U =
N mc2
2
[
ψ(
1
2α
+
5
2
)− ψ( 1
2α
+ 1)
]
. (97)
Here, ψ(x) is the polygamma function ψ(x) = dd x lnΓ(x) [103]. For low temperature, we have U ≈ 32NkT , since
ψ( 12α +
5
2 ) − ψ( 12α + 1) ≈ 3α. For extremely high temperature α ≫ 1, U ≈ 12N mc2
[
ψ(52 )− ψ(1)
]
. Then, we have
U ≈ (43 − ln2)N mc2 ≈ 0.640186Nmc2. The total energy of a gas enclosed in a finite region must remain finite, even
if its temperature is raised extremely high.
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From Eq. (97), the heat capacity is
CV =
(
∂U
∂T
)
V
=
N k
4α2
[
ψ(1)(
1
2α
+ 1)− ψ(1)( 1
2α
+
5
2
)
]
. (98)
Here, ψ(n)(x) = d
n
d xnψ(x) [103]. For low temperature α≪ 1, we have CV ≈ 32Nk, since ψ(1)( 12α +1)−ψ(1)( 12α + 52 ) ≈
6α2. For extremely high temperature α ≫ 1, CV ≈ 0. The heat capacity is decreasing to zero with increasing
temperature. This is consistent with that the total energy of a system remains finite, even if its temperature is
raised to infinite. In contrast, according to Ju¨ttner speed distribution, CV ≈ 3Nk for extremely high temperature
[95, 98]. Comparison between the heat capacity by Ju¨ttner speed distribution and that of this relativistic speed
distribution is shown in Fig. 17. For low temperature, both relativistic speed distributions predict CV ≈ 32Nk, the
same as that by Maxwell speed distribution. Yet, for extremely high temperature α≫ 1, Ju¨ttner speed distribution
predicts that the heat capacity is increasing to 3Nk, whereas this relativistic speed distribution predicts that the heat
capacity is decreasing to zero. It should be noted that predictions of the heat capacity by the current relativistic
speed distributions are also pronouncedly different [88, 95]. So far, no experimental evidence distinguishing between
these predictions is available [93, 95].
0.0 0.5 1.0 1.5 2.0
0.0
0.5
1.0
1.5
2.0
2.5
3.0
Α = k T  m c2
H
ea
tC
ap
ac
ity
C V
FIG. 17: The heat capacity predicted by Ju¨ttner speed distribution is in dashed line, and that by this relativistic speed
distribution is in solid line. The heat capacity is in units of Nk.
XVII. CONCLUSION ON THE NEW RELATIVISTIC QUANTUM STATISTICS
All the current relativistic speed distributions are derived without using the current relativistic quantum mechanics,
though Maxwell speed distribution can be derived in quantum statistics with non-relativistic quantum mechanics
[86, 87]. So far, relativistic eigen-energies of a particle in a box have not been solved by the current relativistic
quantum mechanics. Thus, the density of states is untenable by the current relativistic quantum mechanics. This
is probably the main reason why all the current relativistic speed distributions are not derived by using the current
relativistic quantum mechanics.
Theoretics of relativistic quantum statistics is far from complete and still being actively pursued [105, 106]. Based
on the novel perspective on relativistic transformation, a new theory of relativistic quantum statistics is formulated.
By this new relativistic quantum statistics and the new relativistic quantum mechanics, a new relativistic speed
distribution of a dilute gas is derived. This relativistic speed distribution reduces to Maxwell speed distribution in
the low temperature region. This relativistic speed distribution is different from all the current relativistic speed
distributions. So far, no experimental evidence is available to determine which relativistic speed distribution is true.
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